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1 Introduction 

This is the first of a series of three papers which provide proofs of results announced in [8]. Let 
X be a Fano manifold of complex dimension n. Let A > be an integer and D be a smooth 
divisor in the linear system | — \Kx\- For j3 6 (0, 1] there is now a well-established notion of 
a Kahler-Einstein metric with a cone singularity of cone angle 2-7T/3 along D. (It is often called 
an "edge-cone" singularity). For brevity we will just say that u has cone angle 27T/3 along D. 
The Ricci curvature of such a metric cj is (1 — A(l — /3))u. Our primary concern is the case of 
positive Ricci curvature, so we suppose throughout most of the paper that j3 > (3q > 1 — A -1 . 
However our arguments also apply to the case of non-positive Ricci curvature: see Remark 3.9. 

Theorem 1.1. If u is a Kahler-Einstein metric with cone angle 2n(3 along D with j3 > f3$, then 
(X, u) is the Gromov-Hausdorff limit of a sequence of smooth Kahler metrics with positive Ricci 
curvature and with diameter bounded by a fixed number depending only on (3q,\. 

This suffices for most of our applications but we also prove a sharper statement. 

Theorem 1.2. If u is a Kahler-Einstein metric with cone angle 2tt/3 along D then (X, lu) is the 
Gromov-Hausdorff limit of a sequence of smooth Kahler metrics uji with Ric(uji) > (1 — A(l — 

One consequence of our approximation results is a uniform bound on the Sobolev constant; 
this bound has also been obtained by Jeffres, Mazzeo and Rubinstein in [13]. 

A Kahler-Einstein metric with cone angle 2tt{3 > along the divisor D, satisfies the equation 
of currents: 

Ric{uj) = (1 - (1 - P)\)u) + 2tt(1 - P)[D], (1.1) 

where [D] is the current of integration along D. To prove our theorems, we first approximate [D] 
by a sequence of smooth positive forms, and solve the corresponding complex Monge- Ampere 
equations; then we show that this sequence of solutions converges to the initial Kahler-Einstein 
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metric as expected. We will make this more precise in Section 2. 



We will treat the case when A = 1. The general case can be done in an identical way. 

In this article we fix ujq to be a smooth Kahler form in 2ttc\{X). Set the space of smooth 
Kahler potentials to be 

H = W e C°°(X;R) : uj + V^lddp > in X}. 

Definition 1.3. A Kahler metric uJ on X with cone angle 2tt(3 along D is a current in 2ttc\{X) 
such that 

1. uj' is a closed positive (1, 1) current on X , and is a smooth Kahler metric in X \ D; 

2. for any point p £ D, there exists a chart (U,{zi}) so that z\ is a local defining function 
for D and on this chart the metric is uniformly equivalent to the standard cone metric: 

n 

\^-T ^ dzj A dzj + *f-l\zi\ 2l3 ~ 2 dzi A dz\. 

3=2 

For any f3 6 (0, 1], let IhLp be the space of all potentials ip such that ojq + y/—ldd<p is a Kahler 
metric on X with cone angle 2tt(3 along D. It is well-known that, for any ip £ H, and for e small 
enough (which may depend on ip), we have 

p + e\S\f eHp, 

where h is a smooth Hermitian metric on — Kx with Ricci curvature ojq and S is the defining 
section of D. 

There are other definitions of metrics with cone singularities which, for Kahler-Einstein 
metrics, turn out to be equivalent. One definition is to require that a local Kahler potential lies 
in a version of Holder space C 2 ' 7 '^ for < 7 < 4 — 1 [9]. The equivalence with Definition 1.3, 
for Kahler-Einstein metrics, is proved in [13] (Theorem 2). Higher regularity is also established 
in [13], including the fact that such metrics have an asymptotic expansion about points on the 
divisor. 



2 Proof of Theorem 1.1 

Suppose uj^p is a Kahler-Einstein metric on X with cone angle 2tt(3 along a smooth anti-canonical 
divisor D. Let S be the defining section of D in H°(X, —Kx)- By [9], [13], it satisfies the 
following Monge- Ampere equation 

. .n 

u n = -p<pp+h uo ^0 onX\D (2 1) 

e |£|2(l-/3)' \ v > 
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where h^ is the Ricci potential of loq and we have chosen the normalization of <pp so that 

f -Pw+h^ < = f n 

Jx ix C ' 
To prove Theorem 1.1, we need to achieve the following three goals simultaneously: 

1. Approximate u vp by smooth Kahler metrics on X locally smoothly away from D; 

2. The Ricci curvature of this sequence of metrics is positive and diameter is uniformly 
bounded from above; 

3. The Gromov-Hausdorff limit of this sequence of metrics is precisely the metric (X, cj^). 

To achieve the first goal, we want to smooth the volume form of u Vp first, and then use 
the Calabi-Yau theorem on X to smooth the potential ipp. Fix po G (1,(1 — /So)^ 1 ). Note 
that the volume form of is bounded in L Po . We can find a family of smooth volume forms 
rj e (e £ (0,1]) with J x rj t = J x ujq, which converges to u;™^ strongly in L p " and smoothly away 
from D. For each rf e , by the Calabi-Yau theorem we can find a smooth Kahler potential ip e 6 % 
such that 

< = Tie- 

Following [14], we obtain a uniform bound on ||<^ e ||cT(x) for some 7 € (0, 1). This bound and 
7 depend only on X, D, ojq and the L Po norm of -^f . Furthermore {ip e } converges by sequence 

to (pp in C 1 (X) for some 7' slightly smaller than 7. 

To achieve our second goal, we need to modify the volume form to secure positive Ricci 
curvature. Following Yau [22], we can solve the following equation for e G (0, 1] : 

n 

Here we need to normalize (p e so that 

Jx (\s\l + ey-e ] x ^- 

In Theorem 8 of [22], Yau treated a more general case with meromorphic right hand side. 
Note our initial approximation <p e is smooth but does not have high regularity control outside D, 
and we will discuss a bit more after Proposition 2.3. There are some similarities in our approach 
and the work of Campana, Guenancia, and Paun [6]. For more recent work on complex Monge- 
Ampere equation on Kahler manifolds and generalizations, we refer to [11] for further references. 

A direction calculation shows that 
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Proposition 2.1. The Ricci form of oj^ e approximates /3uj/3 + (1 — /3)[D] as e — > 0. Moreover, 

Ric(oj^ e ) > pu^ > 0, Ve€(0,l]. 



Proof. For any smooth function / > 0, we have (c.f. [22]) 



^Tldd\og{f + e) 




-iddf _ y^Ta/Aa/ 




"T 5 



-ldfAdf 



Using this, we can calculate the Ricci form on X \ D: 



Ric{co A ) = -V^ldBh^ + (1 - (3)^TdBlog(\S\ 2 h + e) + Ric(u ) + p^ddip e 

= u + (l-l3)V=lddlog(\S\ 2 h + e) + p^dd<p t 

= (3tu^ + (l-l3)(u; + ^ldd\og(\S\l + e)) 

= f3uj Vc + (1 -/3)Tsjf+^>o 



By the previous calculation, this converges to 2tt(1 — /3)[D] in the sense of currents. 

Now we derive estimates on . We make the convention that unless otherwise emphasized 
all constants appearing below are positive and depend only on X, D,W0) w Vj9 . Also the norms of 
the functions appearing in this article are always taken with respect to the background metric 

UJQ. 

Theorem 2.2. There exists a uniform constant C\ > such that for any e £ (0, 1], 



Since ip e is smooth this also holds on the whole X. 



□ 



For later purpose we denote 



(2.3) 



C 1 ujq < < 



(e + \S\ 2 h ) 




■ wo- 
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Proof. First, by construction we have a constant c\ and po > 1 such that 




By a theorem of Kolodziej [14], this implies HV'ellcT(x) < c 2 for some 7 € (0, 1). To derive C 2 
estimate, we view the identity map id : (X,u;^J — > (X,ujq) as a harmonic map with energy 
density 



e(V> e ) = tr w ^w 



Then, using the fact that Ric(u^ e ) > and Rm(oJo) < C3, e(ip € ) satisfies the following Chern-Lu 
differential inequality [19] (c.f. also [13]): 

A^JlogeOJ - c 4 ip € ) > c 5 e(ipe) - c e . 

Since ip e is uniformly bounded by C2, by maximum principle, we have 

e{ip £ ) < c 6 



It follows that we have a uniform bound on A wo ^ e locally away from D, and a global uniform 
bound on HV'ellc^(x)- So {ip t } by sequence converges to a limit potential ipQ globally in C 7 (X) 
and in C 1,Q locally away from D. 

Proposition 2.3. We have V>o = <Pp + constant. 

Proof. This follows directly by the general uniqueness theorem for Monge-Ampere equation 
[1, 15, 4]. For the convenience of readers, we give a detailed account in our special case. Since 




UJQ. 



(2.4) 



□ 



/ 1™ / l" 



converges to as e — >■ in L p topology for some fixed p > 1, we have 




It follows that 



5 



n-1 

k , n— 1— fe 



Positivity of the integrand means that for any 5 > 0, we have 

n-1 

l(dA - dip,) a (dA - 8<p e ) a « 



/ . / i~ /'«„/. a,, \ a /A../, a,- A a \ , .k , ,n—l—k 

JX\D S 



where D$ is the (5-tubular neighborhood of D, defined by the metric ojq. Since every term is 
non-negative, we have 



-lW e - dip,) A (BA - Bip e ) A 1 -> 0, 



By Theorem 2.2, cj^ e > C 1 1 l}q. It follows that 

T(^e - A (^e - Bif t ) A W^ 1 -»• 0, 



IX\D S 

In other words, 

9^0 - = 0, in I\ D 5 . 

So 

■00 = V 3 /? + constant, in X\ D$. 
Since 5 is arbitrary, this finishes the proof. 



□ 



To obtain more regularity control, we can substitute ip e in Equation (2.2) by tp e . Then, the 
right hand side of the equation will have a uniform C 1 ' 1 bound (i.e. bound on its Laplacian 
A wo ) locally away from D. Then we can repeat the same procedure to obtain a new ip' t for 
e G (0, 1]. As before, this new sequence ip' e converges to tpp globally in C 7 and they satisfy the 
same estimate as in Theorem 2.2. Now following standard theory of Evans-Krylov [10] [16] and 
bootstrapping, we can obtain an interior C 3 ' 7 estimate on X \ D for some 7 £ (0, 1). It follows 
that {tp' t } by sequence converges in C 3 ' 7 to tpp locally away from D. For simplicity from now on 
we will denote by ip e this new sequence. If we keep running this procedure, we get even higher 
derivative control away from D. 

To achieve the second goal, we need to prove the following proposition. 

Proposition 2.4. For any e £ (0, 1], the diameter of (X,uj^J is uniformly bounded above by a 
constant Ci- 
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Proof. Since D is smooth, there exists a small constant 5 > such that the restriction of the 
background metric ojq to the 5-tubular neighborhood of D, denoted by D$, is equivalent to the 
product metric onDxl, where B is the the standard disc of radius 5. Following the estimate in 
Theorem 2.2, for every point in D$, there is a curve connecting it to dD$ with length bounded 
by Ci5@. On the other hand, the varying metric is bounded above by the metric C26 /3 ~ 1 uj in 
X \ D$. Therefore, the diameter of (X^^J is controlled above by cz(S@ + S^^ 1 ). 

□ 

Finally, to achieve the third goal, we need to study the Gromov-Hausdorff limit of a sequence 
of Riemannian manifolds with positive Ricci curvature. 

Proposition 2.5. (X,Uip p ) is the Gromov-Hausdorff limit of (X,uj^ e ) as e — > 0. 
Proof. By Theorem 2.2 and Proposition 2.4, we have the following: 

1 . ui^ e converges as a current to uj^ ; 

2. (X \ D,oj^J converges locally in C 3,7 ' to (X \ D,oj V/3 ); 

3. Any fixed 5-tubular neighborhood of D with respect to the background metric ujq is 
contained in a r/((5)-tubular neighborhood of D with respect to the varying metric oo^, e , 
where rj(8) tends to zero as 8 tends to zero. 

To prove the desired Gromov-Hausdorff convergence, we use the identity map from X to 
itself, for any 5 > small, we want to show that if e is small enough then 

\dipS x ,y) - d V p{ x ^y)\ < yx,y€X. (2.5) 

Fix a small constant 

<5i <C 5~i. 

For any two points outside D$ i: for e > sufficiently small, the preceding inequality (2.5) 
obviously holds with | in the right hand side. Now for any two points x,y G Dg 17 there exist 
two points xi,yi G dD^ such that 

S 6 
d (pp (x 1 ,x)+d (pp (yi,y) < - and d^ e (x ± , x) + d^ e (y ± , y) < - . 

A simple triangle inequality implies that 

\d^ t {x,y) - d^ p {x,y)\ < 5 - + ^ + ^ = 5. 

□ 
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To finish the proof of Theorem 1.1, what is left to prove is the uniform diameter bound 
(depending only on /3q). To see this, one notices that for a Kahler metric with cone singularities 
along D, the complement X \ D is geodesically convex, so we can apply Myers' theorem to see 
that the diameter of wp is uniformly bounded by ir^J^^- < tt^J^^-. Then for each j3 > we 

can apply Proposition 2.5 (choosing e sufficiently small) to obtain a sequence of smooth Kahler 
metrics of positive Ricci curvature with Gromov-Hausdorff limit (X, uj^^ ) and the diameter of 

this sequence of metrics is uniformly bounded above by 2tt^J^^-. 

3 Proof of Theorem 1.2 

To prove Theorem 1.2, we need to achieve the fourth goal: to approximate the Kahler-Einstein 
metric by smooth Kahler metrics with Ricci curvature bounded from below by some uniform 
positive number. From the complex Monge-Ampere theory, this is very different from the first 
and second goal where we can obtain C° estimate via Kolodziej's theorem [14] directly. What 
we shall do is to use the metric constructed in the previous section as a starting point, and use 
continuity method to solve the twisted Kahler-Einstein equation up to t = 1 — f3. To do this, 
we need to obtain a uniform C° estimate. The key observation is that for the family of (1,1) 
forms Xe (see Equation (2.3)) which converges to 2-7r(l — /3)[-D], the twisted K-energy E 6 ^i_^d 
dominates the K-energy E^_^ D from above (See formulas (3.1), (3.2) and Lemma 3.5 below 
for precise statements). 

Following Szekelyhidi [21], we define 

R(X) = sup{t : 3 J G 2ttc 1 (X) such that Ric(J) > tuj'}. 
Theorem 1.2 is a consequence of the following 

Theorem 3.1. // there is a Kahler-Einstein metric ui^^ with cone angle 2irf3 along D, then 
(XjUJ^p) is the Gromov-Hausdorff' limit of a sequence of Kahler metrics with Ricci curvature 
bounded below by (3 > 0. In particular, R(X) > j3. 

This verifies one aspect of a conjecture by the second named author earlier [9]. We need to 
do some preparation first. Set 

x = ^ldd\og\s\l + uj . 

By the Poincare-Lelong equation, this is the same as the current 27r[D]. For e > sufficiently 
small, we define (c.f. Equation (2.3)): 

Xe = ^ldd\og{\S\ 2 h + e)+uiv>Q 

Clearly as currents 

Xe -> X- 
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For any tp G H, we choose a smooth family of potentials <p(t)(t G [0, 1]) in "H with <^(0) = 
and <p(l) = (p. We denote uj t = ujq + \f^Iddip(t). For any smooth function /(t, •), we write /(i) 
for the time derivative ^(t, •)• 

Definition 3.2. Define a functional J Xf by 

J xM =n f dt I if(t)( X e - ut) A 
Jo Jx 

and as e tends to zero, we define a functional J x by 

J x (tp) = 2im [ dt [ ^(t)^ 1 - n [ dt f <p(t)u}?, 
Jo Jd Jo Jx 

Definition 3.3. Define the K-energy functional E by 

E((p) = -n [ dt I (p(t)(Ric(u> t ) - u t ) A a;" -1 . 
Jo Jx 



One can check these do not depend on the choice of the path and hence are well-defined 
functional on %. Of course they are only defined up to an additive constant. We have fixed 
this constant by imposing that they have value at ip = 0. Then, we define the twisted K-energy 

E £ , {1 - m (<p) = E{<p) + (1 - £)J X », (3.1) 

and 

E{i-fi)D(<p) = E(<p) + (1 - P)J x (<p). (3.2) 
First, we give an explicit formula for J Xe (c.f. [17] ). 
Proposition 3.4. We have 

J Xe (<p)= f log(|S|£ + e)>£-u#) + n fdt f WXuo-^Au,?- 1 . (3-3) 
Jx Jo Jx 



Proof. This is a direct calculation: 

= n Jq 1 dt f x ip(t)xe A w™ -1 - n Jq dt f x tp{t) oj™ 

= n Io ldt Ix v(t)V=lddlog(\S\ 2 h + e)Acu?- 1 + ntidtf x <p(t)(u - u t ) A oj^ 1 
= nJo ldt Jx ^g(\S\l + e)-A Ut ip(t)^ + nJ Q 1 dtJ x <p{t){u Q - u t ) A u>?~ 1 
= ftdtf x log(\S\l + e)-§ i u J f + nf'dtf x ^(wo-wOAo;?- 1 
= f x log(\S\l + e)-(^-^)+n^dtf x ^h-^A^ 1 - 

□ 
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Similarly, we have 

J x (<p) = [ log \S\ 2 h • -oo^+nCdt f 0(t)(wo - co t ) A wr 1 - 
Now we have the following observation 

Lemma 3.5. There exists a uniform constant C3 = C 3 (X, D,ojq) such that for any e £ (0,1] 
and for any smooth Kahler potential ip, we have 

j Xe (<p)>JM-c 3 . 

As a consequence, we also have 

Proof. This follows from an elementary calculation: 

= f x \og(\S\l + e)-^-f x log(\S\l + e).^ + n^dtf x (p(t)(uJo — ut) A 

> Jx log 1^ ■ ^ - Jx log|5|2.^-/ x logl^ -wj + n/o 1 ^^ A 

> / x log • (0,5 - + n £ dt J x ^)(w -co t ) A ^r 1 - C 3 

= J x (<p)-c 3 . 

□ 

It is well-known that the K-energy has an explicit expression (c.f. [7]): 

%)= / log^u# + %0 + Q(p), 
Jx w 

where 

J(p) = n / rft / 
Jo ii 

and 

Q(ip) = -n dt tp(t)Ric(oj ) Aw™" 1 . 
Jo Jx 

Following [21] in the smooth case and [17] in the case with cone singularities, we have 
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Proposition 3.6. // there exists a Kdhler- Einstein metric u]^ p with cone angle 2tt/3 > along 
D, then the twisted K-energy Er 1 _p\ D is proper on %. In other words, there are constants C4, C5 
depending on X, D, ojq and (3 such that for any smooth Kdhler potential ip, we have 



E(i-P)d(<p) > C*4 • Jo(<p) - C 5 , 



where 



J (<p) = / 



Jx 



Proof. By [20] there is no non-trivial holomorphic vector field on X that is tangential to D. So 
by the openness theorem [9] for a slightly larger f3' > f3 there exists a Kahler-Einstein metric on 
X with cone angle 2ir(3' along D. By [3] and [2], the twisted Ding functional is bounded from 
below on %. By [18], the infimum of the Ding functional and the infimum of the K-energy are 
the same in the anti-canonical class. This is generalized in [2] to the case with cone singularities. 
It follows that the twisted K-energy E^__^jj is bounded from below on %. On the other hand, 
it is proved in [2] that for /3" > sufficiently small E(i_pi^ D is proper on %. Since the twisted 
K-energy is linear in (3 [17], we see that E^_^ D is proper on %. □ 

To prove Theorem 3.1, we need to set up a continuity path. For any e > 0, we consider the 
following equation for 4> e (t) G %(t G [0, /?]): 



Ric(u Mt) ) = tu Mt) + (13- t)u Vt + (1 



(3.4) 



This is equivalent to the complex Monge- Ampere equation: 




(3.5) 



Here ip t is the solution in Equation (2.2); in other words, we have 




1 




(\S\ 2 h + e)^ 



If we can solve Equation (3.5) up to t = (3, then we have: 



Ric{uJ M i3)) = /3w0 e os) + (1 - P)Xt > 



Lemma 3.7. There is a constant Cq > such that 



|£(e,(l-0)Z>)ty e )l< Ce- 



ll 



Proof. By Theorem 2.2 this is a direct verification using the explicit expressions of energy 
functionals described above. □ 

Lemma 3.8. Along the continuity path, E £ j 1 _p\ D ((f) e (t)) decreases monotonically. 

Proof. Here we follow [21]. We take time derivative on both sides of Equation (3.5). Then, 

A<^0 e = -t(f> t - (> e - ip e ). 

In this calculation we have omitted the parameter t for simplicity. A straightforward calculation 
then follows, 



*- t {E+{\-l3)J Xt ){<t>&)) 

n j x 4> e (-Ric(^J + cu^ + (1 - p) X e - (1 - /3)^J A w™" 1 
= nf x U-tu^ - (/3 - t)u Ve - (1 - P) X e + + (1 - (3)Xe) A a;™" 1 
= n(p - t) j x <j) e {u^ - u^) A w™" 1 
= n(p-t)f x (<f>e-<p e ) ■ A^ e w£ 

= -n(/3 - i) f x - tp e ) • (t& + - y> e ))u;£ 

= -n(/3 - i) / x - ft ) 2 w » - nt (/3 - t) J x (0 £ - ^) • ^ w£ 

< 0. 

The last inequality holds because i?ic(w^ E ( t .)) > toj^ t ^ and +t is a negative operator. □ 

Now we are ready to prove Theorem 3.1. 

Proof. According to Proposition 3.6, the twisted K-energy En_p\ D ((p) is proper on %. Following 
Lemma 3.5, 

E e,(l-P)D(P) > £(1-/3)1? M - C3 

is also proper on %. By monotonicity, we have 

E £:{1 - m (Mt)) < Ee,{i-fi)D(M0)) = E £:(1 - m (A), Vt G [0, /?]. 
So by Lemma 3.7, 

E e ,(l-P)D(<f>e(t))<C 6 , VtG[0,/3]. 

By definition of properness there is a constant C7 with 

J (<M*)) < c 7 . 

It follows from the standard argument that we can solve Equation (3.5) up to t = /3, and there 
is a constant C$ such that 

sup max ||</> e (t)||z,°° < C%. 
ee ( ,i] te[o,p] 
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As in the proof of Theorem 2.2, there is a constant Cg such that 

Cg 

C 9 UJ < UJ Mt) < ^ + ^ 2 y-f) " W 0,Vt € [0, 0\ € G (0, 1). 

As before following [14] and Evans-Krylov theory to bootstrap regularity away from divisor, one 
can prove that 4> e (t,-) converges to 4>o(t,-) globally in C 7 (X) and locally in C 3 ' 7 away from 
D. Moreover, in X \ D, it satisfies the equation 

<,(*,.) = Vt € [O,0\. 

\ b \h 

with 

0o(O,-) = ipp. 
This can be written in a more concise form as 

w n )=e -t(0O-^) w n^ t€[0,/3]. (3.6) 

Since 4> e (t, •) is uniformly bounded, we see <fo(/3, ■) is in the weak sense (c.f. [2]) a Kahler- 
Einstein metric on X with cone angle 2n/3 along D. By [20], there is no non-trivial holomorphic 
vector field on X which is tangential to D. So we can use the uniqueness theorem of Berndtsson 
[3] to obtain 

0o(/V) = M-),Vte[O,/3]. 

Then Proposition 2.5 implies that {X,u3^jp\) converges in the Gromov-Hausdorff topology to 
(XiUtpp) as e ->• 0. 

□ 

Here we give an alternative proof which makes use of the openness theorem proved by the 
second named author, bypassing Berndtsson's theorem. 

Proof. Note that the expression e~ t ^°~ ip ^ in Equation (3.6) is Holder continuous on X, so it 
lies in the Holder space C' 7 '^ for some 7 < ^ — 1. Following [9], the Laplacian operator 
defines a continuous and invertible map 

A vp : C 2 ^(X,D)^C^(X,D). 

Here C^'^X, D) consists of functions in C 2,7,/3 (X, D) with zero average. It follows that, there 
exists a continuous family ip(t, •) G Cq' 7,/3 (A, D) for small t, say t G [0, e ], which solves 

n -«(*)-^) n 
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and ^(0, •) = if/3. Then, either following the uniqueness in [15] or Proposition 2.3, we have 

ip(t, •) = 4>o(t, •) + constant 
for t G [0, e ]. It follows that 4> {t, •) G C 2 >^(X, D) for t G [0, e ]. 

Now we define the constant family <pp(t, •) = fp,., then it satisfies the same Equation (3.6) 
for t G [0, e ]. 

"Mi) = e-'^W"^^, t€[O,0\. (3.7) 

By [20], there is no non-trivial holomorphic vector fields on X which is tangential to D. It 
follows that, the first eigenvalue of u V/3 = W0 o (o,.) is strictly bigger than f3 > 0. Consequently for 
i sufficiently small, co^u,-) has eigenvalue strictly bigger than ^. Now compare the two families 
of solutions to Equation (3.6), by implicit function theorem again we see the uniqueness holds. 
In other words, by making eo even smaller we have 

<i>o(t, ■) = tpp,y t G [0,e ]. 

Repeating the same procedure as we increase t < f3, we see the same holds for all t G [0, /?]. Our 
theorem is then proved. □ 

Remark 3.9. Finally we remark that in the case when A > 1 and 1 — (1 — j3)X < there is a 
complete existence theory [13], but the argument in this article also applies to prove the following 

Theorem 3.10. Let A > 1 and /3 G (0, 1 — A -1 ]. // oj is a Kahler- Einstein metric with cone 
angle 2irf3 along D G | — XKx\ with f3 G [/?o, 1 — then (X,uj) is the Gromov-Hausdorff limit 
of a sequence of smooth Kahler metrics uJi with Ric(oJi) > cpUi where cp = (1 — A(l — (3)) < 0, 
and diameter bounded above by a uniform constant depending only on X, D and (3q . 

Proof. The main issue is that in our previous argument the diameter bound depends on the 
particular /3, and in the case of positive Ricci curvature (as assumed before that (3q > 1 — A -1 ) we 
can apply Myers' theorem to show that the bound only depends on /3q. Under our assumptions, 
we are in the case of nonpositive Ricci curvature. In general the diameter can not have a uniform 
upper bound, if one varies the complex structure on (X, D), even when X has complex dimension 
one. However for a fixed (X, D), a closer look at the argument in the proof of Theorem 2.2 and 
Proposition 2.4 shows that the diameter bound really depends only on the lower bound on the 
Ricci curvature of and the L°° bound on ipp (which in turn depends on the L po bound on 
the volume form of w^). Notice we assume cp < 0, then the metric u; Vj3 satisfies the equation 

^ = e-^^-^u^ (3.8) 
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Similar to the arguments in Section 2, by Yau's theorem [22] for e G (0, 1] one can solve the 
equation for ip e : 



Following the arguments in Section 2, one can show that as e — > the Gromov-Hausdorff limit 
of (X,uj^, e ) is exactly (X, w^). Moreover, there is a uniform diameter bound independent of 
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we see that there are constants po G (1, and A > depending only on X, D,coq and (3q 
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SUpipe + ||-^||z,P0 < A. 
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